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Low data

In this lesson, we are interested in settings where data is considered as rare or

costly to generate. This is what we mean by ”low data”.

Examples: data obtained from clinical trials, data from a system for which no

simulator nor accurate model is available, data associated with complex humain

interaction.

Counterexamples: Atari (Mnih et al. [2015]), Go (Silver et al. [2017]),

StarCraft II (Vinyals et al. [2019] ) ...

In the following, we will more specifically study two cases: the K−armed bandit

problem, and the batch-mode Reinforcement Learning.
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The K− armed bandits



The K-armed bandits

Imagine that you enter a casino room. There are several (let us say K ∈ N) slot
machines that you can play. Playing any machine will provide you a random

reward drawn according to an unknown probability distribution. Assuming that

all the K probability distributions do not have the same expected value, then it

means that, on average, at least one machine is more interesting to be played

than the others. The question is: how to discover such a machine?

The K−armed bandit problem is a typical example of the so-called exploration

vs exploitation dilemma.

Interesting fact: such a problem was not originally formalized to play casino

games, but rather in the context of clinical trials (see Thompson [1933], Robbins

[1952]). How to investigate the effects of different experimental treatments while

minimizing patient losses?
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The K-armed bandit

In the following, we mainly rely on the formalism used in Munos et al. [2014].

Consider K arms (actions, choices) defined by distributions (νk)1≤k≤K with

bounded support [0, 1] that are initially unknown to the decision maker (or the

player).

At each round t = 1, . . . , n, the decision maker takes a decision by selecting an

arm at ∈ {1, . . . ,K} and receives a reward rt ∼ νat which is a random sample

drawn from the distribution νat , corresponding to the selected arm at and

assumed to be independent of previously received rewards. The goal of the

decision maker is to maximize the sum of obtained rewards in expectation.

In the following, we also denote by ρk the expected values of each arm, by ρ∗

such best value and by k∗ one best arm (there may exit several):

ρk = E[νk]

ρ∗ = argmax
k

ρk

= ρk∗
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The K-armed bandit

If the arm distributions where known, the agent would select the arm with the

highest mean at each time step and obtain an expected cumulative reward n ∗ ρ∗

after n steps.

However, since the distributions of the arms are initially unknown, we need to

pull each arm several times to progressively get information - a process called

exploration - and while this knowledge about the arms improves, we may

increasingly often pull the best arms - a process called exploitation. Balancing

between these two processes is called the exploration-exploitation trade-off.

Note that balancing between exploration and exploitation may particularly make

sense in contexts where data are costly and/or take time to generate.
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The cumulative regret

In order to assess the performance of any pulling strategy, we compare its

performance to an oracle strategy that would know the distribution in advance -

and would thus be able to always play an optimal arm. For that purpose, we

define the notion of cumulative regret:

∀n ∈ N, Rn ≡ nρ∗ −
n∑

t=1

rt (1)

The cumulative regret defines a loss, in terms of cumulative rewards, resulting

from not having acess to the knowledge of the/a best distribution from the

beginning. Therefore, it is interesting to design strategies with low cumulative

regret.

In the following, we introduce the following notations: ∆k is the positive gap

between the expected value of arm k and the best expected value among all

arms, and Tk(n) is the number of pulls of arm k during the n first time steps:

∆k ≡ ρ∗ − ρk (2)

Tk(n) ≡
n∑

t=1

I{at=k} (3)
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Using the law of total expectation, we have:

E [Rn] = nρ∗ − E

[
n∑

t=1

ρat

]

= E

[
K∑

k=1

Tk(n) (ρ
∗ − ρk)

]

=

K∑
k=1

E [Tk(n)]∆k (4)

Equation 4 expresses the idea that, while it is necessary to sample them to

acquire information about the arms, sub-optipmal arms should not be played too

often.

This problem has challenged many researchers, and several solutions have been

proposed: bayesian exploration, ε-greedy exploration, soft-max exploration,

follow the perturbed leader, optimistic exploration,.... In the following, we study

more carefully an algorithm from the optimistic exploration family: the Upper

Confidence Bounds (UCB) algorithm Auer et al. [2002].
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The Upper Confidence Bound (UCB) algorithm

The Upper Confidence Bounds (UCB) stragegy consists of selecting at each time

step t an arm with largest B-value:

∀t ∈ N∗, at ∈ argmax
k∈{1,...,K}

Bt,Tk(t−1)(k) (5)

where, for each arm k, the B-value of an arm k is defined as:

∀t ∈ N∗, Bt,s(k) ≡ ρ̂k,s +

√
CUCB

log(t)

s
(6)

ρ̂k,s ≡ 1

s

s∑
i=1

Xk,i (7)

where Xk,i denotes the reward received when pulling arms k for the i−th time.

Note that, if we denote by τk,i the random time corresponding to the instant

when we pull the arm k for the i− th time, we have:

Xk,i = rτk,i (8)

In the original paper of Auer et al., the constant CUCB is equal to CUCB = 2, but

in this course, we consider CUCB = 3
2
.
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Chernoff-Hoeffding inequalities

The UCB strategy can be considered as optimistic because it selects the optimal

arm in the most favorable environments that are (in high probability) compatible

with the observations.

Let us first recall the Chernoff-Hoeffding inequality.

Lemma

Let Yi ∈ [0, 1] be s independent copies of a random variable of mean ρ and

ε > 0. Then,

P

(
1

s

s∑
i=1

Yi − ρ ≥ ε

)
≤ e−2sε2

P

(
1

s

s∑
i=1

Yi − ρ ≤ −ε

)
≤ e−2sε2
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Chernoff-Hoeffding inequalities applied to the B-values

Applying the Chernoff-Hoeffding inequalities to the rewards obtained from the

arms, with ε =
√

3 log(t)
2s

, we have:

∀1 ≤ s ≤ t,P

(
ρ̂k,s +

√
3 log(t)

2s
≤ ρk

)
≤ e−3 log(t) = t−3 (9)

and

∀1 ≤ s ≤ t,P

(
ρ̂k,s −

√
3 log(t)

2s
≥ ρk

)
≤ e−3 log(t) = t−3 (10)

Thus, the B-values Bt,s(k) are high-probability upper confidence bounds on the

mean-value ρk:

∀s ∈ {1, . . . , t},P (Bt,s(k) ≥ ρk) ≤ 1− t−3 (11)

In the following, we will deduce a bound on the expected number of plays of

sub-optimal arms by noticing that, with high probability, the sub-optimal arms

are not played whenever their UCB is below ρ∗.
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Bound on the cumuative regret of UCB

Lemma

Each sub-optimal arm k is played in expectation at most:

E [Tk(n)] ≤ 6
log(n)

∆2
k

+
π2

3
+ 1 (12)

time. Thus, the cumulative regret of UCB is bounded as follows:

E [Rn] =

K∑
k=1

∆kE [Tk(n)] (13)

≤ 6
∑

k:∆k>0

log(n)

∆k
+K

(
π2

3
+ 1

)
(14)

11/116



Proof. Assume that a sub-optimal arm k is pulled at time t. This means that its

B-value is larger than the B-values of the other arms, in particular that of the

optimal arm k∗:

ρ̂k,Tk(t−1) +

√
3 log(t)

2Tk(t− 1)
≥ ρ̂k∗,Tk∗ (t−1) +

√
3 log(t)

2Tk∗(t− 1)
(15)

Then, observe that if the previous equation stands, it means that:

• (i) either the empirical mean of the optimal arm is under-estimated and is

not within its confidence interval:

ρ̂k∗,Tk∗ (t−1) +

√
3 log(t)

2Tk∗(t− 1)
≤ ρ∗ (16)

• (ii) either the empirical mean of the arm k is over-estimated and is not

within its confidence interval:

ρ̂k,Tk(t−1) > ρk +

√
3 log(t)

2Tk(t− 1)
(17)

• or (iii) the value of ∆k and Tk(t− 1) satisfy the following relationship:

ρk + 2

√
3 log(t)

2Tk(t− 1)
> ρ∗ =⇒ Tk(t− 1) <

6 log(t− 1)

∆2
k

(18)
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Indeed, assume that all equations 16, 17 and 18 are wrong. Then,

Bk∗,Tk∗(t−1)(k
∗) > ρ∗ (since we assume not(eq. 16))

= ρk +∆k (by definition of ∆k)

≥ ρk + 2

√
3 log(t)

2Tk(t− 1)
(since we assume not(eq. 18))

≥ ρ̂k,Tk(t−1) +

√
3 log(t)

2Tk(t− 1)
(since we assume not (eq. 17))

= Bk,Tk(t−1)(k) (by definition of the B-value)

which contradicts the fact that arm k was selected. So, at least one of the three

conditions expressed in (16), (17) and (18) is true. This also says that, whenever

(18) does not hold, i.e., Tk(t− 1) ≥ 6 log(t)

∆2
k

+ 1, then either the arm k was not

pulled at time t, either one of the two (16) or (17) holds.
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Let us define u ≡
⌊

6 log(n)

∆2
k

⌋
+ 1. Then:

Tk(n) =

n∑
t=1

I{at=k} (19)

=

n∑
t=1

I{(16) or (17) or (18) holds} (20)

Tk(n) ≤ u+

n∑
t=u+1

I{at=k;Tk(t)>u} (21)

≤ u+

n∑
t=u+1

I{(16) or (17) holds} (22)

Using the Chernoff-Hoeffding inequality, it is possible to bound, for any t, the

probability that event (16) holds:

P

(
∃1 ≤ s ≤ t, ρ̂k∗,s +

√
3 log(t)

2s
< ρ∗

)
≤

t∑
s=1

1

t3
(23)

=
1

t2
(24)
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The same reasoning can be applied to bound the probability that event (17)

holds:

P

(
∃1 ≤ s ≤ t, ρk +

√
3 log(t)

2s
< ρ̂k,s

)
≤ 1

t2
(25)

Taking the expected value of equation (22)

E [Tk(n)] ≤ E[u] +
n∑

t=u+1

E
[
I{(16) or (17) holds}

]
(26)

=
6 log(n)

∆2
k

+ 1 +
n∑

t=u+1

P ( (16) or (17) holds) (27)

≤ 6 log(n)

∆2
k

+ 1 +
n∑

t=u+1

P ((16) holds) + P ((17) holds) (28)

≤ 6 log(n)

∆2
k

+ 1 + 2
n∑

t=u+1

1

t2
(29)

≤ 6 log(n)

∆2
k

+
π2

3
+ 1 (30)

which ends the proof of the first part of the lemma.
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Back to the expression of the cumulative regret given in equation (4), we have:

E [Rn] =

K∑
k=1

∆kE[Tk(n)] (31)

≤
∑

k:∆k>0

∆k

(
6 log(n)

∆2
k

+
π2

3
+ 1

)
(32)

= 6
∑

k:∆k>0

log(n)

∆k
+K

(
π2

3
+ 1

)
(33)

which ends the second part of the lemma.

Observe that this bound depends on one key characteristics of the distributions:

the gaps ∆k.
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We now give a final result which bounds the the expected regret independently

from the values of the gaps.

Corollary

The expected regret of UCB is bounded as:

E [Rn] ≤

√
Kn

(
6 log(n) +

π2

3
+ 1

)
(34)

Proof. Using the Cauchy-Schwarz inequality, we have:

E[Rn] =

K∑
k=1

√
∆2

kE[Tk(n)]
√

E[Tk(n)] (35)

≤

√√√√( K∑
k=1

∆2
kE[Tk(n)]

)(
K∑

k=1

E[Tk(n)]

)
(36)

≤

√√√√( K∑
k=1

∆2
k

(
6 log(n)

∆2
k

+
π2

3
+ 1

))( K∑
k=1

E[Tk(n)]

)
(37)
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Observing that
∑K

k=1 E[Tk(n)] = E[
∑K

k=1 Tk(n)] = E[n] = n, and remembering

that ∆k ≤ 1, we can further developp

E[Rn] ≤

√√√√(K × 6 log(n) +

K∑
k=1

∆2
k

(
π2

3
+ 1

))(
n

)
(38)

≤

√√√√n

(
K × 6 log(n) +

K∑
k=1

(
π2

3
+ 1

))
(39)

≤

√
Kn

(
6 log(n) +

π2

3
+ 1

)
(40)

which ends the proof. ■
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Illustration

We consider 3 arms, with ρ1 = 0.3, ρ2 = 0.5, ρ3 = 0.4, with uniform distributions

centered arnound the mean with width 0.3.

Figure 1: Playing the UCB algorithm
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Synthesis

The K-armed bandit problem can be seen as a decision making problem where

there is only 1 state: S = {s} and K discrete actions A = {a1, . . . , aK}
corresponding to each arm. The dynamics is trivial in the sense that

f(s, a, w) = s, ∀a ∈ A, ∀w ∼ Pw(·).

In this context, the UCB algorithm seeks to minimize the cumulative regret, i.e.

tries to avoid taking non-optimal decisions too often.

The notion of regret has also been exploited in the context of classical MDPs.

There is a variety of decision making algorithms for MDPs paying attention to

their performance during learning.
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Batch mode Reinforcement Learning
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Batch mode Reinforcement Learning

Batch mode RL: all the available information is contained in a batch collection of

data. Batch mode RL aims at computing a (near-)optimal policy from this

collection of data
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Low Data Batch-mode Reinfocement Learning

How low is low data?

Two examples:

• Learning to play Atari Mnih et al. [2015] : tens of million of frames for

solving Atari games - access to a model for performing simulations

• The STAR*D data set Nelson [2006] : tens of thousand multiple-item

questionnaires for better treating depression (Dynamic Treatment Regimes)

- no access to any reliable simulator
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Example: Dynamic Treatment Regimes

“A dynamic treatment regime is a list of decision rules, one per time interval, for

how the level of treatment will be tailored through time to an individual’s

changing status.” Murphy [2003].
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Example: Dynamic Treatment Regimes
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DTR: objectives

Main goal: Finding a “good” policy

Many associated subgoals:

• Evaluating the performance of a given policy

• Computing performance guarantees

• Computing safe policies

• Choosing how to generate additional transitions ...
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Main difficulties

Main difficulties of the batch mode setting:

• Dynamics and reward functions are unknown (and not accessible to

simulation)

• The state-space and/or the action space are large or continuous

• The environment may be highly stochastic

• Data

27/116



Usual approach

To combine dynamic programming with function approximators (neural

networks, regression trees, SVM, linear regression over basis functions, etc)

Function approximators have two main roles:

• To offer a concise representation of state-action value function for deriving

value / policy iteration algorithms

• To generalize information contained in the finite sample
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Remaining challenges

The black box nature of function approximators may have some unwanted effects:

• hazardous generalization

• difficulties to compute performance guarantees

• unefficient use of optimal trajectories

A proposition: synthesizing artificial trajectories.
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Synthesizing Artificial Trajectories



Formalization

• Stochastic discrete-time systems:

st+1 = f (st, at, wt) ∀t ∈ {0, . . . , T − 1}

where st belongs to a state space S ⊂ Rd, where Rd is the d−dimensional

Euclidean space and T ∈ N \ {0} denotes the finite optimization horizon.

• At every time t ∈ {0, . . . , T − 1}, the system can be controlled by taking an

action at ∈ A, and is subject to a random disturbance wt ∈ W drawn

according to a probability distribution Pw(·). Here the fundamental

assumption is that wt is independent of wt−1, wt−2, . . . , w0 given st and at;

to simplify all notations and derivations, we furthermore impose that the

process is time-invariant and does not depend on the states and actions st, at.

• With each system transition from time t to t+ 1 is associated a reward

signal:

rt = r (st, at, wt) ∈ R ∀t ∈ {0, . . . , T − 1} .
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Formalization

Let π : {0, . . . , T − 1} × S → A be a control policy. When starting from a given

initial state s0 and following the control policy π, an agent will get a random sum

of rewards signal RT π(s0,w0,...,wT−1):

Rπ
T (s0, w0, . . . , wT−1) =

T−1∑
t=0

r(st, π(t, st), wt)

with st+1 = f(st, π(t, st), wt) ∀t ∈ {0, . . . , T − 1}

wt ∼ Pw(·) .

Note : in the following, Rπ
T (s0, w0, . . . , wT−1) may be simply denoted Rπ

T (s0) in

the proofs.
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Formalization

In RL, the classical performance criterion for evaluating a policy π is its expected

T−stage return:

Definition (Expected T−stage Return)

V π
T (s0) = E

[
Rπ

T (s0, w0, . . . , wT−1)
]
,

but, when searching for risk-aware policies, it is also of interest to consider a

risk-sensitive criterion:

Definition (Risk-sensitive T−stage Return)

Let b ∈ R and c ∈ [0, 1[.

V
π,(b,c)
RS,T (s0) =

{
−∞ if P (Rπ

T (s0, w0, . . . , wT−1) < b) > c ,

V π
T (s0) otherwise .
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One-step system transitions

The system dynamics, reward function and disturbance probability distribution

are unknown.

Instead, we have access to a sample of one-step system transitions:
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Sample of one-step system transitions

Definition (Sample of transitions)

Let

Pn =
{(

sl, al
)}n

l=1
∈ (S ×A)n

be a given set of state-action pairs. Consider the ensemble of samples of

one-step transitions of size n that could be generated by complementing each

pair (sl, al) of Pn by drawing for each l a disturbance signal wl at random from

Pw(·), and by recording the resulting values of r(sl, al, wl) and f(sl, al, wl). We

denote by F̃n

(
Pn, w

1, . . . , wn
)
one such “random” set of one-step transitions

defined by a random draw of n i.i.d. disturbance signals wl, l = 1 . . . n. We

assume that we know one realization of the random set F̃n

(
Pn, w

1, . . . , wn
)
,

that we denote by Fn:

Fn =
{(

sl, al, rl, s′l
)}n

l=1

∀l ∈ {1, . . . , n}, rl = r
(
sl, al, wl

)
,

yl = f
(
sl, al, wl

)
,

for some realizations of the disturbance process wl ∼ Pw(·).
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Artificial trajectories

Artificial trajectories are (ordered) sequences of elementary pieces of trajectories

Fonteneau et al. [2013]:
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Artificial trajectories: what for?

Artificial trajectories can help for:

• Estimating the performances of policies

• Computing performance guarantees

• Computing safe policies

• Choosing how to generate additional transitions
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Artificial trajectories: what for?

Artificial trajectories can help for:
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• Computing performance guarantees

• Computing safe policies

• Choosing how to generate additional transitions
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Classical Monte Carlo Estimation

If the system dynamics and the reward function were accessible to simulation,

then Monte Carlo estimation would allow estimating the performance of π:
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Model-free Monte Carlo estimation

• We propose an approach that mimics MC estimation by rebuilding p

artificial trajectories from one-step system transitions

• These artificial trajectories are built so as to minimize the discrepancy

(using a distance metric ∆) with a classical MC sample that could be

obtained by simulating the system with the policy π; each one step

transition is used at most once

• We average the cumulated returns over the p artificial trajectories to obtain

the Model-free Monte Carlo estimator (MFMC) of the expected return of π:

Mπ
T,p (Fn, s0) =

1

p

p∑
i=1

T−1∑
t=0

rl
i
t .
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Model-free Monte Carlo estimation
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Lipschitz continuity assumptions

Assumption: Lipschitz continuity of the functions f , r and π. We

assume that the dynamics f , the reward function r and the policy π are Lipschitz

continuous, i.e., we assume that there exist finite constants Lf , Lr and Lπ ∈ R+

such that:

∀ (s, s′, a, a′, w) ∈ S2 ×A2 ×W,

∥f(s, a, w)− f(s′, a′, w)∥S ≤ Lf (∥s− s′∥S + ∥a− a′∥A),

|r(s, a, w)− r(s′, a′, w)| ≤ Lr(∥s− s′∥S + ∥a− a′∥A),

∥π(t, s)− π(t, s′)∥A ≤ Lπ∥s− s′∥S , ∀t ∈ {0, . . . , T − 1} ,

where ∥.∥S and ∥.∥A denote the chosen norms over the spaces S and A,

respectively.

Assumption: S ×A is bounded. We suppose that S ×A is bounded when

measured using the distance metric ∆.
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Distance metric and k−dispersion

Definition (Distance Metric ∆)

∀(s, s′, a, a′) ∈ S2 ×A2, ∆((s, a), (s′, a′)) = ∥s− s′∥S + ∥a− a′∥A.

Given k ∈ N \ {0} with k ≤ n, we define the k−dispersion, αk(Pn) of the sample

Pn:

Definition (k−Dispersion)

αk(Pn) = sup
(s,a)∈S×A

∆Pn
k (s, a) ,

where ∆Pn
k (s, a) denotes the distance of (s, a) to its k−th nearest neighbor

(using the distance metric ∆) in the Pn sample. The k−dispersion is the

smallest radius such that all ∆-balls in S ×A of this radius contain at least k

elements from Pn ; it can be interpreted as a worst-case measure on how closely

Pn covers the S ×A space using the k-th nearest neighbors.
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k−dispersion

Figure 2: Schematic view of the k−dispersion
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Expected value of the MFMC estimator

Definition (Expected Value of Mπ
T,p

(
F̃n

(
Pn, w

1, . . . , wn
)
, s0
)
)

We denote by Eπ
T,p,Pn

(s0) the expected value:

Eπ
T,p,Pn

(s0) = E
w1,...,wn∼pW (.)

[
Mπ

T,p

(
F̃n

(
Pn, w

1, . . . , wn) , s0)] .

Theorem (Bias Bound for Mπ
T,p

(
F̃n

(
Pn, w

1, . . . , wn
)
, s0
)
)

∣∣V π
T (s0)− Eπ

T,p,Pn
(s0)

∣∣ ≤ CαpT (Pn)

with C = Lr

T−1∑
t=0

T−t−1∑
i=0

(Lf (1 + Lπ))
i .
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Expected value of the MFMC estimator

Proof. We first give three preliminary lemmas. Given a disturbance vector

Ω = [Ω(0), . . . ,Ω(T − 1)] ∈ WT ,

we define the Ω-disturbed state-action value function Qπ,Ω
T−t(s, a) for

t ∈ {0, . . . , T − 1} as follows:

Definition ( Ω-disturbed state-action value function)

∀t ∈ {0, . . . , T − 1}, ∀(s, a) ∈ S ×A, ∀Ω ∈ WT ,

Qπ,Ω
T−t(s, a) = r(s, a,Ω(t)) +

T−1∑
t′=t+1

r(st′ , π(t
′, st′),Ω(t

′))

with st+1 = f(s, a,Ω(t)) and

∀t′ ∈ {t+ 1, . . . , T − 1} , st′+1 = f(st′ , π(t
′, st′),Ω(t

′)).
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Expected value of the MFMC estimator

Then, we define the expected return given Ω the quantity

Definition (Expected return given Ω)

∀s0 ∈ S, ∀Ω ∈ WT ,

E[Rπ
T (s0)|Ω] = E

w0,...,wT−1∼pW (.)
[Rπ

T (s0)|w0 = Ω(0), . . . , wT−1 = Ω(T − 1)].

From there, we have the two following trivial results:

Lemma

∀s0 ∈ S, ∀Ω ∈ WT ,E[Rπ
T (s0)|Ω] = Qπ,Ω

T (s0, h(0, s0)) .

∀(s, a) ∈ S ×A, ∀Ω ∈ WT ,

Qπ,Ω
T−t+1(s, a) = r(s, a,Ω(t− 1))

+ Qπ,Ω
T−t

(
f
(
s, a,Ω(t− 1)

)
, π
(
t, f(s, a,Ω(t− 1))

))
.
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Expected value of the MFMC estimator

Then, we have the following lemma.

Lemma (Lipschitz Continuity of Qπ,Ω
T−t)

∀t ∈ {0, . . . , T − 1}, ∀(s, s′, a, a′) ∈ S2 ×A2,∣∣∣Qπ,Ω
T−t(s, a)−Qπ,Ω

T−t(s
′, a′)

∣∣∣ ≤ LQT−t∆((s, a), (s′, a′))

with

LQT−t = Lr

T−t−1∑
i=0

[
Lf (1 + Lπ)

]i
.

Proof. We denote by H(T − t) the proposition:

H(T − t) : ∀(s, s′, a, a′) ∈ S2 ×A2,∣∣∣Qπ,Ω
T−t(s, a)−Qπ,Ω

T−t(s
′, a′)

∣∣∣ ≤ LQT−t∆((s, a), (s′, a′)) .

68/116



Expected value of the MFMC estimator

We prove by induction that H(T − t) is true ∀t ∈ {0, . . . , T − 1}. For the sake of

conciseness, we denote use the notation

∆Q
T−t =

∣∣Qπ,Ω
T−t(s, a)−Qπ,Ω

T−t(s
′, a′)

∣∣ .
• Basis: t = T − 1

We have

∆Q
1 = |r(s, a,Ω(T − 1))− r(s′, a′,Ω(T − 1)|,

and the Lipschitz continuity of r allows to write

∆Q
1 ≤ Lr

(
∥s− s′∥S + ∥a− a′∥A

)
= Lr∆((s, a), (s′, a′)) .

This proves H(1).
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Expected value of the MFMC estimator

• Induction step: We suppose that H(T − t) is true, 1 ≤ t ≤ T − 1.

One has

∆Q
T−t+1 =

∣∣∣Qπ,Ω
T−t+1(s, a)−Qπ,Ω

T−t+1(s
′, a′)

∣∣∣
=

∣∣∣r(s, a,Ω(t− 1))− r(s′, a′,Ω(t− 1))

+ Qπ,Ω
T−t(f(s, a,Ω(t− 1)), π(t, f(s, a,Ω(t− 1))))

− Qπ,Ω
T−t(f(s

′, a′,Ω(t− 1)), π(t, f(s′, a′,Ω(t− 1))))
∣∣∣

and, from there,

∆Q
T−t+1 ≤

∣∣r(s, a,Ω(t− 1))− r(s′, a′,Ω(t− 1))
∣∣

+
∣∣Qπ,Ω

T−t(f(s, a,Ω(t− 1)), π(t, f(s, a,Ω(t− 1))))

− Qπ,Ω
T−t(f(s

′, a′,Ω(t− 1)), π(t, f(s′, a′,Ω(t− 1))))
∣∣.
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Expected value of the MFMC estimator

H(T − t) and the Lipschitz continuity of r give

∆Q
T−t+1 ≤ Lr∆((s, a), (s′, a′))

+ LQT−t∆((f(s, a,Ω(t− 1)), π(t, f(s, a,Ω(t− 1)))),

(f(s′, a′,Ω(t− 1)), π(t, f(s′, a′,Ω(t− 1))))) .

Using the Lipschitz continuity of f and π, we have

∆Q
T−t+1 ≤ Lr∆((s, a), (s′, a′))

+ LQT−t

(
Lf∆((s, a), (s′, a′)) + LπLf∆((s, a), (s′, a′))

)
,

and, from there,

∆Q
T−t+1 ≤ LQT−t+1∆((s, a), (s′, a′))

since

LQT−t+1

.
= Lr + LQT−tLf (1 + Lπ).

This proves H (T − t+ 1) and ends the proof.
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Expected value of the MFMC estimator

Definition (Disturbance vector associated with a broken trajectory)

Given a broken trajectory

τ i =
[(

sl
i
t , alit , rl

i
t , s′l

i
t

)]T−1

t=0

we denote by Ωτi

its associated disturbance vector

Ωτi

= [wli0 , . . . , wliT−1 ] ,

i.e. the vector made of the T unknown disturbances that affected the generation

of the one-step transitions
(
sl

i
t , alit , rl

i
t , s′l

i
t

)
.
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Expected value of the MFMC estimator

We give the following lemma.

Lemma (Bounds on the expected return given Ω)

∀s0 ∈ S, ∀i ∈ {1, . . . , p},

bπ(τ i, s0) ≤ E
[
Rπ

T (s0)|Ωτi
]
≤ aπ(τ i, s0) ,

with

bπ(τ i, s0) =

T−1∑
t=0

[
rl

i
t − LQT−tδ

i
t

]
,

aπ(τ i, s0) =

T−1∑
t=0

[
rl

i
t + LQT−tδ

i
t

]
,

δit = ∆
((

sl
i
t , alit

)
,
(
s′l

i
t−1 , π

(
t, s′l

i
t−1

)))
,∀t ∈ {0, . . . , T − 1} ,

s′l
i
−1 = s0, ∀i ∈ {1, . . . , p}.

73/116



Expected value of the MFMC estimator

Proof. Let us first prove the lower bound. With a0 = π(0, s0), the Lipschitz

continuity of Qπ,Ωτi

T gives∣∣∣∣Qπ,Ωτi

T (s0, a0)−Qπ,Ωτi

T (sl
i
0 , ali0)

∣∣∣∣ ≤ LQT ∆
(
(s0, a0),

(
sl

i
0 , ali0

))
.

According to Proposition (13),

Qπ,Ωτi

T (s0, a0) = E
[
Rπ

T (s0)|Ωτi
]
.

Thus,∣∣∣∣E [Rπ
T (s0)|Ωτi

]
−Qπ,Ωτi

T

(
sl

i
0 , ali0

)∣∣∣∣ =

∣∣∣∣Qπ,Ωτi

T (s0, π(0, s0))−Qπ,Ωτi

T

(
sl

i
0 , ali0

)∣∣∣∣
≤ LQT ∆

(
(s0, π(0, s0)),

(
sl

i
0 , ali0

))
.
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Expected value of the MFMC estimator

It follows that

Qπ,Ωτi

T

(
sl

i
0 , ali0

)
− LQT δ

i
0 ≤ E

[
Rπ

T (s0)|Ωτi
]
.

Using previous equations, we have

Qπ,Ωτi

T

(
sl

i
0 , ali0

)
= r

(
sl

i
0 , ali0 , wli0

)
+ Qπ,Ωτi

T−1

(
f
(
sl

i
0 , ali0 , wli0

)
, π
(
1, f

(
sl

i
0 , ali0 , wli0

)))
.

By definition of Ωτi

, we have

r
(
sl

i
0 , ali0 , wli0

)
= rl

i
0

and

f
(
sl

i
0 , ali0 , wli0

)
= s′l

i
0 .

From there

Qπ,Ωτi

T

(
sl

i
0 , ali0

)
= rl

i
0 +Qπ,Ωτi

T−1

(
s′l

i
0 , π

(
1, s′l

i
0

))
,

and

Qπ,Ωτi

T−1

(
s′l

i
0 , π

(
1, s′l

i
0

))
+ rl

i
0 − LQT δ

i
0 ≤ E

[
Rπ

T (s0)|Ωτi
]
.
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Expected value of the MFMC estimator

The Lipschitz continuity of Qπ,Ωτi

T−1 gives∣∣∣∣Qπ,Ωτi

T−1

(
yli0 , π

(
1, s′l

i
0

))
−Qπ,Ωτi

T−1

(
sl

i
1 , ali1

)∣∣∣∣
≤ LQT−1∆

((
s′l

i
0 , π

(
1, s′l

i
0

))
,
(
sl

i
1 , ali1

))
= LQT−1δ

i
1,

which implies that

Qπ,Ωτi

T−1

(
sl

i
1 , ali1

)
− LQT−1δ

i
1 ≤ Qπ,Ωτi

T−1

(
s′l

i
0 , π

(
1, s′l

i
0

))
.

We therefore have

Qπ,Ωτi

T−1

(
sl

i
1 , ali1

)
+ rl

i
0 − LQT δ

i
0 − LQT−1δ

i
1 ≤ E

[
Rπ

T (s0)|Ωτi
]
.

The proof is completed by iterating this derivation. The upper bound is proved

similarly.
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Expected value of the MFMC estimator

We give a third lemma.

Lemma

∀s0 ∈ S, ∀i ∈ {1, . . . , p},

aπ
(
τ i, s0

)
− bπ

(
τ i, s0

)
≤ 2CαpT (Pn)

with

C =

T−1∑
t=0

LQT−t .

77/116



Expected value of the MFMC estimator

Proof. By construction of the bounds, one has

aπ
(
τ i, s0

)
− bπ

(
τ i, s0

)
=

T−1∑
t=0

2LQT−tδ
i
t .

The MFMC algorithm chooses p× T different one-step transitions to build the

MFMC estimator by minimizing the distance ∆((s′l
i
t−1 , π(t, s′l

i
t−1)), (xlit , ulit)), so

by definition of the k-sparsity of the sample Pn with k = pT , one has

δit = ∆
((

s′l
i
t−1 , π

(
t, s′l

i
t−1

))
,
(
xlit , ulit

))
≤ ∆Pn

pT

(
s′l

i
t−1 , π

(
t, s′l

i
t−1

))
≤ αpT (Pn) ,

which ends the proof.
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Expected value of the MFMC estimator

Using those three lemmas, one can now compute an upper bound on the bias of

the MFMC estimator.

Proof of Theorem By definition of aπ(τ i, s0) and bπ(τ i, s0), we have

∀i ∈ {1, . . . , p},
bπ
(
τ i, s0

)
+ ah

(
τ i, s0

)
2

=

T−1∑
t=0

rl
i
t .

Then, according to Lemmas 16 and 17, we have ∀i ∈ {1, . . . , p} ,

∣∣∣∣∣ E
w1,...,wn∼Pw(.)

[
E
[
Rh

T (s0)|Ωτi
]
−

T−1∑
t=0

rl
i
t

]∣∣∣∣∣
≤ E

w1,...,wn∼Pw(.)

[∣∣∣∣∣E [Rπ
T (s0)|Ωτi

]
−

T−1∑
t=0

rl
i
t

∣∣∣∣∣
]

≤ CαpT (Pn) .
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Expected value of the MFMC estimator

Thus, ∣∣∣∣∣1p
p∑

i=1

E
w1,...,wn∼Pw(.)

[
E
[
Rπ

T (s0)|Ωτi
]
−

T−1∑
t=0

rl
i
t

]∣∣∣∣∣
≤ 1

p

p∑
i=1

∣∣∣∣∣ E
w1,...,wn∼Pw(.)

[
E
[
Rπ

T (s0)|Ωτi
]
−

T−1∑
t=0

rl
i
t

]∣∣∣∣∣
≤ CαpT (Pn) ,

which can be reformulated∣∣∣∣∣ E
w1,...,wn∼Pw(.)

[
1

p

p∑
i=1

E
[
Rπ

T (s0)|Ωτi
]]

− Eπ
T,p,Pn

(s0)

∣∣∣∣∣ ≤ CαpT (Pn) ,

since

1

p

p∑
i=1

T−1∑
t=0

rl
i
t = Mπ

T,p(F̃n, s0) .
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Expected value of the MFMC estimator

Since the MFMC algorithm chooses p× T different one-step transitions, all the

disturbances
{
wlit

}i=p,t=T−1

i=1,t=0
are i.i.d. according to Pw(.). For all i ∈ {1, . . . , p},

The law of total expectation gives

E
w

li0 ,...,w
li
T−1∼Pw(.)

 E
w

li0 ,...,w
li
T−1∼Pw(.)

[
Rπ

T (s0)|Ωτi
]

= E
w0,...,wT−1∼Pw(.)

[Rπ
T (s0)]

= V π
T (s0) .

This ends the proof.

This formula shows that the bias is bounded closer to the target estimate if the

sample sparsity is small. Note that the sample sparsity itself actually only

depends on the sample Pn and on the value of p (it will increase with the number

of trajectories used by our algorithm).
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Variance of the MFMC estimator

We denote by V arπT,p,Pn
(s0) the variance of the MFMC estimator defined as

follows.

Definition (Variance of the MFMC estimator)

∀s0 ∈ S,

V arπT,p,Pn
(s0) = V ar

w1,...,wn∼Pw(.)

[
Mπ

T,p(F̃n, s0)
]

= E
w1,...,wn∼Pw(.)

[(
Mπ

T,p

(
F̃n, s0

)
− Eπ

T,p,Pn
(s0)

)2]
.

We give the following theorem.

Theorem (Variance of the MFMC estimator)

∀s0 ∈ S,

V arπT,p,Pn
(s0) ≤

(
σRπ

T
(s0)

√
p

+ 2CαpT (Pn)

)2

with C = Lr

∑T−1
t=0

∑T−t−1
i=0 [Lf (1 + Lπ)]
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Variance of the MFMC estimator

Proof : your turn!

Or see Fonteneau et al. [2010a] or Fonteneau [2011].
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Experimental illustration

Consider the system dynamics and the reward function given by

st+1 = sin
(π
2
(st + at + wt)

)
and

r(st, at, wt) =
1

2π
e−

1
2
(s2t+a2

t ) + wt

with the state space X being equal to [−1, 1] and the action space A to [−1, 1] .

The disturbance wt is an element of the interval W = [− ε
2
, ε
2
] with ε = 0.1 and

pW is a uniform probability distribution over this interval. The optimization

horizon T is equal to 15. The policy π whose performances have to be evaluated

is

π(t, s) = − s

2
, ∀s ∈ S, ∀t ∈ {0, . . . , T − 1} .

The initial state of the system is set at s0 = −0.5 .

84/116



Experimental illustration
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Experimental illustration

Comparing MFMC with classical RL : let us define the finite horizon FQI

iteration algorithm for policy evaluation (FQI-PE) that works by recursively

computing a sequence of functions
(
Q̂π

T−t(. , .)
)T−1

t=0
as follows:

Definition (FQI-PE Algorithm)

• ∀(s, a) ∈ S ×A.

Q̂π
0 (s, a) = 0 ∀(s, a) ∈ S ×A ,

• For t = T − 1 . . . 0, build the dataset D =
{(

il, ol
)}n

l=1
:

il =
(
sl, al

)
ol = rl + Q̂π

T−t−1

(
s′l, π(t+ 1, s′l)

)
and use a regression algorithm RA to infer from D the function Q̂π

T−t:

Q̂π
T−t = RA(D) .
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Experimental illustration

The FQI -PE estimator of the policy π is given by:

Definition (FQI Estimator)

V̂ π
T,FQI(Fn, s0) = Q̂π

T (s0, π(0, s0)) .
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Experimental illustration

We propose to use a k−Nearest Neighbor algorithm (k−NN) as regression

algorithm RA. In the following, for a given state action couple (s, a) ∈ S ×A, we

denote by li(s, a) the lowest index in Fn of the i-th nearest one step transition

from the state-action couple (s, a) using the distance measure ∆. The k−NN

based FQI-PE estimation of π writes :

Definition (k−NN FQI-PE Algorithm)

• ∀(s, a) ∈ S ×A,

Q̂π
0 (s, a) = 0 ,

• For t = T − 1 . . . 0 , ∀(s, a) ∈ S ×A,

Q̂π
T−t (s, a) =

1

k

k∑
i=1

(
rli(s,a) + Q̂π

T−t−1

(
s′li(s,a), π

(
t+ 1, s′li(s,a)

)))
.

The k−NN FQI-PE estimator of the policy π is given by:

V̂ π
T,FQI(Fn, s0) = Q̂π

T (s0, π(0, s0)) .
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Experimental illustration

Figure 3: The k−NN FQI-PE algorithm: an artificial trajectory viewpoint
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Experimental illustration

Figure 4: Comparison with the FQI-PE algorithm using k-NN, n = 100, T = 5. 91/116



Experimental illustration

Figure 5: Comparison with the FQI-PE algorithm using k-NN, n = 100, T = 5 . 92/116
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Risk-sensitive MFMC estimation

If we consider the p artificial trajectories that are rebuilt by the MFMC

estimator, the risk-sensitive T−stage return V
π,(b,c)
T,RS (s0) can be efficiently

approximated by the value Ṽ
π,(b,c)
T,RS (s0) defined as follows:

Definition (Estimate of the Risk-sensitive T−stage Return)

Let b ∈ R and c ∈ [0, 1[.

Ṽ
π,(b,c)
T,RS (s0) =

{
−∞ if 1

p

∑p
i=1 I{ri<b} > c ,

Mπ
T (Fn, s0) otherwise

where ri denotes the return of the i−th artificial trajectory:

ri =

T−1∑
t=0

rl
i
t .
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Lower and upper bounds in the deterministic case

From now, we assume a deterministic environment. More formally, we assume

that the disturbances space is reduced to a single element W = {0} which

concentrates on the whole probability mass Pw(0) = 1 . We use the convention:

∀(s, a) ∈ S ×A, f(s, a) = f(s, a, 0) ,

r(s, a) = r(s, a, 0) .

We still assume that the functions f , r and π are Lipschitz continuous. Observe

that, in a deterministic context, only one trajectory is needed to compute V π
T (s0)

by Monte Carlo estimation.
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Lower and upper bounds in the deterministic case
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Lower and upper bounds in the deterministic case

Lemma (Lower Bound from the MFMC)

Let
[(
slt , alt , rlt , s′lt

)]T−1

t=0
be an artificial trajectory rebuilt by the MFMC

algorithm when using the distance measure ∆. Then, we have

∣∣Mπ
T,1(Fn, s0)− V π

T (s0)
∣∣ ≤ T−1∑

t=0

LQT−t∆
(
(s′lt−1 , h(t, s′lt−1)), (slt , alt)

)
where

LQT−t = Lr

T−t−1∑
i=0

(Lf (1 + Lπ))
i

and s′l−1 = s0.

The proof of this theorem can be found in Fonteneau et al. [2009].
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Lower and upper bounds in the deterministic case

Since the previous result is valid for any artificial trajectory, we have:

Corollary (Lower Bound from any Artificial Trajectory)

Let
[(
slt , alt , rlt , s′lt

)]T−1

t=0
be any artificial trajectory. Then,

V π
T (s0) ≥

T−1∑
t=0

rlt −
T−1∑
t=0

LQT−t∆
(
(s′lt−1 , π(t, s′lt−1)), (slt , alt)

)

This suggests to identify an artificial trajectory that leads to the maximization of

the previous lower bound:

Definition (Maximal Lower Bound)

Lπ(Fn, s0) = max
[(slt ,alt ,rlt ,s′lt )]T−1

t=0 ∈FT
n

T−1∑
t=0

rlt

−
T−1∑
t=0

LQT−t∆
(
(s′lt−1 , π(t, s′lt−1)), (slt , alt)

)
.
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Lower and upper bounds in the deterministic case

Note that in the same way, a minimal upper bound can be computed:

Definition (Minimal Upper Bound)

Uπ(Fn, s0) = min
[(slt ,alt ,rlt ,s′lt )]T−1

t=0 ∈FT
n

T−1∑
t=0

rlt

+

T−1∑
t=0

LQT−t∆
(
(s′lt−1 , π(t, s′lt−1)), (slt , alt)

)
.

Additionaly, we can prove that both the lower and the upper bound are tight, in

the sense that they both converge towards V π
T (s0) when the dispersion of the

sample of system transitions Fn decreases towards zero.

Lemma (Tightness of the Bounds)

∃Cb > 0 : V π
T (s0)− Lπ(Fn, s0) ≤ Cbα1(Pn)

Uπ(Fn, s0)− V π
T (s0) ≤ Cbα1(Pn)

where α1(Pn) denotes the 1−dispersion of the sample of system transitions Fn.100/116



Inferring safe policies from lower bounds

The previous results can be extended to the case where the action space A is

finite (and thus discrete) by considering policies that are fully defined by a

sequence of actions. Such policies can be qualified as “open-loop”. Let O be the

set of open-loop policies:

Definition (Open-loop Policies)

O = {o : {0, . . . , T − 1} → A}

Given an open-loop policy o, the (deterministic) T−stage return of o writes:

V o
T (s0) =

T−1∑
t=0

r(st, o(t))

with

st+1 = f(st, o(t)), ∀t ∈ {0, . . . , T − 1}.
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Inferring safe policies from lower bounds

In the context of a finite action space, the Lipschitz continuity of f and r is:

∀ (s, s′, a) ∈ S2 ×A,

∥f(s, a)− f(s′, a)∥S ≤ Lf∥s− s′∥S ,

|r(s, a)− r(s′, a)| ≤ Lr∥s− s′∥S .

Since the action space is not normed anymore, we also need to redefine the

sample dispersion.

Definition (Sample Dispersion)

We assume that the state space is bounded, and we define the sample

dispersion α∗(Pn) as follows:

α∗(Pn) = sup
s∈S

min
l∈{1,...,n}

∥∥∥sl − s
∥∥∥
S

.
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Inferring safe policies from lower bounds

Let o ∈ O be an open-loop policy. We have the following result:

Lemma (Lower Bound - Open-loop Policy o)

Let
[(
slt , alt , rlt , s′lt

)]T−1

t=0
be an artificial trajectory such that

alt = o(t) ∀t ∈ {0, . . . , T − 1} .

Then,

V o
T (s0) ≥

T−1∑
t=0

rlt −
T−1∑
t=0

L′
QT−t

∥∥∥s′lt−1 − slt
∥∥∥
S

.

where

L′
QT−t

= Lr

T−t−1∑
i=0

(Lf )
i .
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Inferring safe policies from lower bounds

A maximal lower bound can then be computed by maximizing the previous

bound over the set of all possible artificial trajectories that satisfy the condition

alt = o(t) ∀t ∈ {0, . . . , T − 1}. In the following, we denote by FT
n,o the set of

artificial trajectories that satisfy this condition:

FT
n,o =

{[(
slt , alt , rlt , s′lt

)]T−1

t=0
∈ FT

n |alt = o(t) ∀t ∈ 0, . . . , T − 1

}
Then, we have:

Definition (Maximal Lower Bound - Open-loop Policy o)

Lo(Fn, s0) = max
[(slt ,alt ,rlt ,s′lt )]T−1

t=0 ∈FT
n,o

T−1∑
t=0

rlt

−
T−1∑
t=0

L′
QT−t

∥∥∥s′lt−1 − slt
∥∥∥
S

.
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Inferring safe policies from lower bounds

Similarly, a minimal upper bound Uo(Fn, s0) can also be computed:

Definition (Minimal Upper Bound - Open-loop Policyo)

Uo(Fn, s0) = min
[(slt ,alt ,rlt ,s′lt )]T−1

t=0 ∈FT
n,o

T−1∑
t=0

rlt

+

T−1∑
t=0

L′
QT−t

∥∥∥s′lt−1 − slt
∥∥∥
S

.

Both bounds are tight in the following sense:

Lemma (Tightness of the Bounds - Open-loop Policyo)

∃C′
b > 0 : V o

T (s0)− Lo(Fn, s0) ≤ C′
bα

∗(Pn) ,

Uo(Fn, s0)− V o
T (s0) ≤ C′

bα
∗(Pn) .

The proofs of the above stated results are given in Fonteneau et al. [2010b]. 105/116



Inferring safe policies from lower bounds

We still assume that the action space A is finite, and we consider open-loop

policies. To obtain a policy with good performance guarantees, we suggest to find

an open-loop policy ô∗Fn,s0 ∈ O such that:

ô∗Fn,s0 ∈ argmax
o∈O

Lo(Fn, s0) .

Recall that such an “open-loop” policy is optimized with respect to the initial

state s0. Solving the above optimization problem can be seen as identifying an

optimal rebuilt artificial trajectory
[(

sl
∗
t , al∗t , rl

∗
t , s′l

∗
t

)]T−1

t=0
and outputting as

open-loop policy the sequence of actions taken along this artificial trajectory:

∀t ∈ {0, . . . , T − 1}, ô∗Fn,s0(t) = al∗t .
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Inferring safe policies from lower bounds

Theorem (Convergence of ô∗Fn,s0)

Let V∗
T (s0) be the set of optimal T -step open-loop policies:

V∗
T (s0) = argmax

o∈O
V o
T (s0) ,

and let us suppose that V∗
T (s0) ̸= O (if V∗

T (s0) = O, the search for an optimal

policy is indeed trivial). We define

ε(s0) = min
o∈O\V∗

T
(s0)

{(
max
o′∈O

V o′
T (s0)

)
− V o

T (s0)

}
.

Then, (
C′

bα
∗(Pn) < ε(s0)

)
=⇒ ô∗Fn,s0 ∈ V∗

T (s0) .

The proof of this result is also given in Fonteneau et al. [2010b].
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Inferring safe policies from lower bounds

Figure 6: The puddle world benchmark.
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Inferring safe policies from lower bounds
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Inferring safe policies from lower bounds

Theorem (Optimal Policies computed from Optimal Trajectories)

Let o∗s0 ∈ V∗
T (s0) be an optimal open-loop policy. Let us assume that one can

find in Fn a sequence of T one-step system transitions[(
sl0 , al0 , rl0 , sl1

)
,
(
sl1 , al1 , rl1 , sl2

)
, . . . ,

(
slT−1 , alT−1 , rlT−1 , slT

)]
∈ FT

n

such that

sl0 = s0 ,

alt = o∗s0(t) ∀t ∈ {0, . . . , T − 1} .

Let ô∗Fn,s0 be such that

ô∗Fn,s0 ∈ argmax
o∈O

Lo(Fn, s0) .

Then,

ô∗Fn,s0 ∈ V∗
T (s0) .
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Beyond the batch

• Suppose that additional system transitions can be generated.

• We detail hereafter a sampling strategy to select state-action pairs (s, a) for

generating f(s, a) and r(s, a) so as to be able to discriminate rapidly − as

new one-step transitions are generated − between optimal and non-optimal

policies from O.

First, note that a policy can only be optimal given a set of one-step transitions F
if its upper bound is not lower than the lower bound of any element of O. We

qualify as “candidate optimal policies given F” and we denote by O(F , s0) the

set of policies which satisfy this property:

Definition (Candidate Optimal Policies Given F)

O(F , s0) =

{
o ∈ O | ∀o′ ∈ O, Uo(F , s0) ≥ Lo′(F , s0)

}
.
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Beyond the batch

We also define the set of “compatible transitions given F” as follows:

Definition (Compatible Transitions Given F)

A transition (s, a, r, s′) ∈ S ×A× R× S is said compatible with the set of

transitions F if

∀(sl, al, rl, s′l) ∈ F ,
(
al = a

)
=⇒

{ ∣∣r − rl
∣∣ ≤ Lr∥s− sl∥X ,∥∥s′ − s′l
∥∥
S ≤ Lf∥s− sl∥X .

We denote by C(F) ⊂ S × U × R× U the set that gathers all transitions that

are compatible with the set of transitions F .
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Beyond the batch

The sampling strategy generates new one-step transitions iteratively : Given an

existing set Fm of m ∈ N \ {0} one-step transitions, which is made of the

elements of the initial set Fn and the m-n one-step transitions generated during

the first m-n iterations of this algorithm, it selects as next sampling point

(sm+1, am+1) ∈ S ×A, the point that minimizes in the worst conditions the

largest bound width among the candidate optimal policies at the next iteration:

(sm+1, am+1) ∈ argmin
(s,a)∈S×A

{

max
(r, s′) ∈ R× S s.t.(s, a, r, s′) ∈ C(Fm)

o ∈ O(Fm ∪ {(s, a, r, s′)}, s0)

δo
(
Fm ∪ {(s, a, r, s′)}, s0

)}

where

δo(F , s0) = Uo(F , s0)− Lo(F , s0) .
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Beyond the batch

Action space : A = {−0.20,−0.10, 0, 0.10, 0.20}

Dynamics and reward function : f(s, a) = s+ a and r(s, a) = s+ a

Horizon : T = 3

Initial state : s0 = −0.65

Total number of policies : 53 = 125
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Many Thanks !

Many Thanks to Susan A. Murphy, Louiw Wehenkel and Damien Ernst for this

collaboration.
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